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Abstract
In this paper, using the techniques of Gauge/gravity duality we explore the hydrody-
namic regime of z = 3 Lifshitz fixed points in 1+1 dimensions. The speed of sound in the
non relativistic plasma turns out to be
√
3, which clearly violates the conjectured upper
bound. We identify this as a natural consequence of the Lorentz symmetry breakdown at
z = 3 Lifshitz fixed point. In our analysis, we compute bulk viscosity to entropy ratio for
quantum field theory dual to Lifshitz gravity in 2 + 1 dimensions and it turns out that
for this particular holographic model this ratio is above the conjectured lower bound.
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1 Overview and Motivation
Fluid dynamics is the low energy effective description of finite temperature QFTs perturbed
from their usual thermal equilibrium by means of small fluctuations [1]. In recent times, the
Gauge/gravity duality has been found to shed enough light on various key aspects of hydro-
dynamic transports in a strongly coupled fluid [2]. In other words, the Gauge/gravity duality
provides a unique framework to explore the low frequency behavior of two point correlators
between different components of the stress tensor in the strong coupling regime.
Among various remarkable outcomes of the Gauge/gravity duality, it is the existence of
the sound modes in a strongly coupled plasma [3] that turns out to be the prime focus of our
current analysis. It is the standard lesson of fluid dynamics which tells us that sound waves
can always propagate through a finite temperature fluid medium. The information regarding
the sound velocity could be extracted by knowing the poles in the expression for the retarded
two point correlators between some of the components of the stress tensor [3].
The purpose of the present analysis would be to employ holographic techniques in order to
compute transports, namely the bulk viscosity to entropy ratio for (1 + 1) dimensional QFTs
dual to Lifshitz gravity in (2+1) dimensions. In our analysis we consider the bulk construction
to be the z = 3 Lifshitz black hole solutions of New Massive Gravity (NMG) in (2 + 1)
dimensions [4]. There are in fact several motivations behind our present analysis which we
quote systematically.
(i) Since the Lorentz symmetry is explicitly broken for the dual fluid dynamical system
under consideration, therefore one should expect some natural violation of the conjectured
upper bound on the speed of sound [5, 6] particularly in 1+1 dimensions [7]. In fact, we argue
that the conjectured upper bound on the speed of sound in 1+1 dimensions is the consequence
of the conformal invariance which might get violated in case of broken scale invariance i.e, when
z 6= 1. The present calculation is a concrete example in favour of the above argument.
(ii) It turns out to be an interesting issue to explore the effect of genuine higher derivative
(NMG) corrections on the bulk viscosity to entropy (ζ/s) ratio in 1 + 1 dimensions and to see
whether we get a bound violation just like the case for the shear viscosity to entropy ratio
[8]1. Interestingly this issue is completely unexplored for non relativistic strongly coupled fluids
(particularly in lower dimensions) and the present calculation is the first non trivial example
to the best of our knowledge.
1Dual CFT may or may not be a unitary one. It is most likely a non-relativistic verison of logarithimic
CFT as shown in [9]. This kind of CFT’s is also interesting though sometimes there are problems regarding
unitarity as the central charge takes negative value. But still these CFT’s have many applications as interesting
mathematical models as a well as describing some condensed matter systems away from unitarity [10]. In
this paper we are actually making a prediction about the hydrodynamic transport of these non-relativistic
logarithmic CFT’s using the AdS/CFT dictionary for the first time.
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(iii) Finally, and most importantly, there are enough motivations to study non relativistic
fluids in 1 + 1 dimensions solely from the perspective of the usual condensed matter systems
[11, 12].
2 The bulk solution
We start our analysis with a brief introduction to the bulk construction, namely the Lifshitz
solution in the context of New Massive Gravity (NMG)[13]. The corresponding action in the
NMG reads as [13],
SNMG =
1
2κ
∫
d3x
√
g
[
R− 2Λ− λ
(
RµνR
µν − 3
8
R2
)]
. (1)
Here Λ is the cosmological constant and λ is the NMG coupling constant. The above action
(1) admits a Lifshitz solution of the type [4],
ds2 = −r
2z
l2z
f(r)dt2 +
dr2
g(r)
+
r2
l2
dx2 (2)
where [4],
f(r) =
r2
l2
g(r) =
(
1− M
2l2
r2
)
(3)
together with,
z = 3, Λ = − 13
2l2
, λ = −2l2 . (4)
The horizon is located at r = rh = Ml . For convenience, we set l = 1 in the subsequent
calculations. In our analysis the equations of motion corresponding to the hydrodynamic (spin
0) fluctuations turn out to be fourth order linear differential equations which thereby invite a
completely different as well as challenging platform to compute the hydrodynamic transports
for the non relativistic z = 3 plasma at strong coupling.
3 Thermodynamics
In this section we provide a brief discussion to the basic thermodynamic principles and/or
identities which any fluid dynamical system must obey. These are the so called first law of fluid
mechanics and the Euler relation [1]. Before we actually come to these issues, let us first note
that the Wald entropy density (s) for the above black hole solution (2) turns out to be [14],
s =
8πrh
κ
(5)
3
which also matches with [15] in the appropriate limit.
The energy density (ǫ) could be formally obtained by integrating over the Noether charge
associated with the time like Killing symmetry
ǫ =
r4h
κ
. (6)
The Hawking temperature (Th) associated with the black hole solution (2) turns out to be [4],
[15],
Th =
rzh
2π
. (7)
It is now in fact a quite trivial task to check that the above entities (5), (6) and (7) trivially
satisfy the first law [1],
dǫ = Thds. (8)
Next, we compute the pressure density (p) using the Euler relation [1],
p = Ths− ǫ = 3r
4
h
κ
. (9)
Finally, using (6) and (9) the velocity of sound (vs) turns out to be
vs =
√
∂p
∂ǫ
=
√
3. (10)
Eq.(10) is precisely the speed of sound propagation from the perspective of the boundary
hydrodynamics. The fact that vs > 1 should not come as a surprise since we are dealing with a
non relativistic system corresponding to z = 3 fixed point where in principle there should not
be any upper bound on the speed of light.
Finally, using (6) and (7) the heat capacity turns out to be,
C =
4
3κ
(2πTh)
1/3 (11)
which turns out to be positive definite. Eq.(11) is an important ingredient in order to estimate
the speed of sound (vs) inside a fluid medium [16].
4 Sound velocity in Lifshitz hydrodynamics
The purpose of the present section is to provide a systematic derivation of the hydrodynamic
dispersion relation in the context of Lifshitz hydrodynamics and to compute the speed of sound
as well as the coefficient of bulk viscosity directly from the dispersion relation itself.
4
In the standard framework of fluid dynamics, the velocity for sound modes are obtained
by knowing the pole(s) in the expression for the retarded correlator(s) of the type < TtxTtx >
[17, 3]. As far as the current analysis is concerned, the stress tensor corresponding to the
boundary non conformal fluid could be formally expressed as following [18] ,
T µν = (ǫ+ p)uµuν + pηµν − ζ(uµuν + ηµν)∂λuλ +Π[µν]A +
(
uµΠ
[νσ]
A + u
νΠ
[µσ]
A
)
uσ. (12)
where uµ (for the present case) is the 2-velocity of the fluid satisfying uµu
µ = −1 and ζ
is the coefficient of bulk viscosity which appears as a consequence of the broken conformal
invariance in the boundary theory. At this stage it is noteworthy to mention that for uncharged
Lifshitz fluids in general there exist two transport coefficients (at the level of first order viscous
hydrodynamics) namely the coefficient of bulk viscosity (ζ) and an additional transport α that
comes from the antisymmetric part of (12) which could be formally expressed as [18],
Π
[µν]
A = −αu[µuα∂αuν]. (13)
This additional transport appears due to the broken Lorentz boost invariance at a Lifshitz fixed
point.
In order to find pole(s) in the expression for the retarded correlator(s), we first perturb the
fluid in its rest frame as [7],
T tt = T (0)tt + κT (1)tt + κ2T (2)tt + · · ·
T tx = T (0)tx + κT (1)tx + κ2T (2)tx + · · ·
T xt = T (0)xt + κT (1)xt + κ2T (2)xt + · · ·
T xx = T (0)xx + κT (1)xx + κ2T (2)xx + · · ·
ut = u(0)t + κu(1)t + κ2u(2)t + · · ·
ux = u(0)x + κu(1)x + κ2u(2)x + · · ·
ǫ = ǫ(0) + κǫ(1) + κ2ǫ(2) + · · ·
p = = p(0) + κp(1) + κ2p(2) + · · · . (14)
We have expanded all the quantities order by order in fluctuations around their respective
equilibrium values. κ denotes the perturbation parameter. In our analysis we keep only linear
order terms in the fluctuations i.e only terms O(κ). Also ǫ(0) and p(0) denote the zeroth order
energy density and pressure and independent of x and t.
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Due to the presence of the constraint, uµu
µ = −1, one could show that,
utu
t + uxu
x = u(0)xu(0)x − u(0)tu(0)t − 2κ u(0)tu(1)t + κ2(−2u(0)tu(2)t + (u(1)x)2) = −1. (15)
Since we are expanding around a static equilibrium solution, therefore we can fix, u(0)t = 1 and
u(0)x = 0 and it follows,
u(1)t = 0 , u(2)t =
1
2
(u(1)x)2. (16)
So upto O(κ) we have ut = 1 +O(κ2).
Next we concentrate on the anti-symmetric part of (12). Using (14) we get,
Π
[tx]
A = −
α
2
(
κ∂tu
(1)x +O(κ2)
)
(17)
where we have neglected δ(ux∂xu
x) and δ(ux∂xu
t), as these terms are second order in fluctuations
(O(κ2)).
From (14) we note,
T tx = (ǫ+ p)utux − ζutux∂λuλ +Π[tx]A + (utΠ[xσ]A + uxΠ[tσ]A )uσ. (18)
which could be further expressed as keeping only linear order terms ,
T (0)tx = 0 , T (1)tx = (ǫ(0) + p(0))u(1)x − α ∂tu(1)x. (19)
Proceeding in the same way we get,
T (0)xt = 0, T (1)xt = (ǫ(0) + p(0))u(1)x (20)
which solves u(1)x as,
u(1)x =
T (1)xt
(ǫ(0) + P (0))
. (21)
Next we simplify(19) further which finally yields,
T (1)tx = T (1)xt − α
(ǫ(0) + p(0))
∂tT
(1)xt − ∂t
( α
(ǫ(0) + P (0))
)
T (1)xt. (22)
Notice that when α = 0 we get T (1)xt = T (1)tx and which is thereby consistent. The last term
vanishes as the derivative of the ǫ(0) and p(0) vanish. So,
T (1)tx = T (1)xt − α
(ǫ(0) + p(0))
∂tT
(1)xt. (23)
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Furthermore, we can also write down the following two equations namely using the same
logic,
T tt = ǫ(0) + T (1)tt, T (0)xx = 0, T (1)xx = p(1) − ζ
(ǫ(0) + p(0))
∂x(T
(1)xt) (24)
where we have used (21) to eliminate u(1)x. Note that, here we have neglected all the derivatives
of the thermodynamical quantities in (23) and (24) as they are themselves first order in the
fluctuations and thereby contribute at the level of second order in the fluctuations.
Next, we plug all these in the conservation equations which yields,
∂tT
(1)tx + ∂xT
(1)xx = 0 (25)
and
∂xT
(1)xt + ∂tT
(1)tt = 0. (26)
We have used the fact that ∂tǫ
(0) = 0. The zeroth order variation of energy is zero.
Then following [7] from (25) we obtain,
∂tT
(1)tx +
δp(1)
δǫ(1)
∂xT
(1)tt − ζ
(ǫ(0) + p(0))
∂2x(T
(1)xt) = 0. (27)
We have used the fact T (1)tt = ǫ(1) and used the chain rule.
In the next step, using (23) we first replace T (1)tx in (27) and then take the Fourier transform
of the above set of equations (25) and (26) which finally yields,
i q∂ǫpT
(1)tt +
(
− i ω + ω
2α
(ǫ(0) + p(0)
)
T (1)xt + q2
ζ
(ǫ(0) + p(0))
T (1)xt = 0 (28)
and
i qT (1)xt − i ωT (1)tt = 0. (29)
Using (29) one can replace T (1)tt in (28) to obtain,
T (1)tt =
q
ω
T (1)xt. (30)
So we have,
i
q2
ω
∂ǫpT
(1)xt +
(
− i ω + ω
2α
(ǫ(0) + p(0))
)
T (1)xt + q2
ζ
(ǫ(0) + p(0))
T (1)xt = 0 (31)
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We futher simplify to obtain,
(
ω2 − q2∂ǫp+ i q
2 ω ζ
(ǫ(0) + p(0))
+
i ω3α
(ǫ(0) + p(0))
)
T (1)xt = 0. (32)
Our next task would be to solve this equation for the frequency ω perturbatively upto O(q2),
where q is the spatial momentum. For this we make the following ansatz for ω in terms of q to
get the dispersion relation of the following form,
ω = vsq − i Γs
2
q2. (33)
We plug this into (32) and match the coefficients of q2 term to obtain,
v2s = ∂ǫp. (34)
which is the speed of sound in the (Lifshitz) fluid medium. Next, we match the coefficients of
q2 terms in order to obtain the damping constant,
Γs =
ζ + v2sα
(ǫ(0) + p(0))
. (35)
Finally, using the so called Euler relation,
ǫ(0) + p(0) = Ths (36)
one can in fact express (33) in a more sophisticated form as,
ω = vsq − i
(ζ + v2sα
2Ths
)
q2 (37)
which immediately suggests that for Lifshitz like fluids one should be able to define an effective
bulk viscosity ζlif as,
ζlif = ζ + v
2
sα (38)
such that,
ΓsTh =
ζlif
s
. (39)
Eq.(38) is one of the major observations of the present paper. It immediately suggests that
for Lifshitz like fluids the effective value of the bulk viscosity is enhanced due to the broken
Lorentz invariance. Therefore, it also confirms the fact that the bulk viscosity to entropy ratio
(ζ/s) for Lifshitz like systems should also be above the conjectured lower bound [7]. Our goal
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for the next section would be to compute this from the gravity calculations in the bulk, where
we will consider a particular model of z = 3 Lifshitz black holes in (2 + 1) dimensions [4].
5 Dispersion relation and holography
The first step towards computing the holographic sound modes is to turn on the following (with
respect to boundary rotational symmetry) perturbations in the bulk namely [3],
hµν =
{
htt, htx, hxx
}
(40)
where we have fixed the gauge hµr = 0. This gauge fixing does not fully exhaust all the
gauge freedoms of the full theory and one is still left with the residual gauge freedom under
the diffeomorphism xµ → xµ + ξµ, µ = (t, r, x). As a consequence of this the equations of
motion corresponding to the above fluctuations exhibit residual gauge and/or diffeomorphism
invariance (δgµν = ∇µξν +∇νξµ) [3]. As a result the most general gauge invariant fluctuation
turns out to be,
Z = −c1(r)Htt(r) + c2(r)Htx(r) + c3(r)Hxx(r)
−q2
(
r2zf(r)Htt(r)
)′
+ 2qω
(
r2Htx(r)
)′
+ω2
(
r2Hxx(r)
)′
(41)
where the individual coefficients (ci) turn out to be,
c1(r) =
(q2r3(M − r)(M + r) (q2r2 (6M2 − 23Mr2 + 18r4) + ω2 (M − 2r2)))
(M − r2) (ω2 + q2r2 (2M − 3r2))
c2(r) = 2qr
2ω
(
r
M − r2 −
4q2r (M − 3r2)
ω2 + q2r2 (2M − 3r2) −
1
r
)
c3(r) =
(rω2 (q2r2 (6M2 − 23Mr2 + 18r4) + ω2 (M − 2r2)))
(r2 −M) (ω2 + q2r2 (2M − 3r2)) . (42)
In order to arrive at (41) we have used the following metric redefinitions namely,
hxx = e
−iωt+iqxr2Hxx(r)
htx = e
−iωt+iqxr2Htx(r)
htt = −e−iωt+iqxr2zf(r)Htt(r). (43)
Note that here prime denotes derivative with respect to the radial coordinate (r).
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Using the linearized equations of motion of individual scalar perturbations, it is indeed quite
interesting to note that unlike the previous examples in the literature [3], the gauge invariant
combination (41) satisfies a sixth order linear differential equation of the type,
A0(r, ω, q)Z ′′′′′′ + A1(r, ω, q)Z ′′′′′ + A2(r, ω, q)Z ′′′′ +
A3(r, ω, q)Z ′′′ + A4(r, ω, q)Z ′′ + A5(r, ω, q)Z ′ +
A6(r, ω, q)Z = 0 (44)
where details of the coefficients (Ai) are too cumbersome and not quite illuminating. However,
in the following we explain in details how one could in principle arrive an equation of the above
type (44). Using (41), we first take a linear combination of various powers of derivatives of
Z (with some arbitrary coefficients Ai(r)) starting from the sixth derivative level. This will
contain derivatives of various powers of H ’s. Now one uses the equations of motion for H ’s and
replace all the higher order derivatives in terms of lower order derivatives. Finally, we end up an
equation which contain three second order derivatives in the metric, two first order derivatives
in the metric and three metric coefficients with zero derivative level. All of these (altogether)
seven different metric components and their derivatives will be associated with some specific
combination of the coefficients Ai’s. Each of those combinations has to vanish in order to satisfy
(44) which yield seven algebraic relations for Ai’s that determine them uniquely.
Next, we explore (44) in two asymptotic regions namely, near the boundary (r →∞) of the
spacetime and at the horizon (r = rh = 1). We first consider the following ansatz for Z,
Z =
(
1− 1
r
)α
F (r). (45)
Considering the near horizon expansion and considering the ingoing wave boundary condition
[3], the parameter α could be read off as,
α = − iω
4πTh
= −iω
2
. (46)
Next, considering the large r limit we expand F (r) in the frequency (ω) as well as in the
momentum (q),
F (r) = F0(r) + ωF1(r) + q F2(r) + ω
2F3(r) + ω qF4(r) + q
2F5(r) (47)
and extract the finite piece in the limit r →∞. Keeping those finite pieces intact and consid-
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ering the asymptotic normalization condition [3],
F (∞) = 0 (48)
we get the following quadratic equation for ω,
− ω
2(115i e1 − 160i e2 + 288i e3 − 240i e4 + 60 q)
96 q
− 3i ω = 0. (49)
Solving (49) equation upto O(q2) we finally arrive at the cherished dispersion relation of the
following form,
ω = vsq − i
2
Γsq
2 (50)
where,
vs = − 288
(115e1 + 16(−10e2 + 18e3 − 15e4)) , (51)
and
Γs =
34560
(115e1 + 16(−10e2 + 18e3 − 15e4))2
. (52)
e1, e2, e3 and e4 are the four left over integrating constants. Combining (51) and (52) it is
evident that 2 ,
Γs =
5
12
v2s . (53)
So this suggest that Γs and vs are not independent.
As the gauge invariant combination satisfies a six order differential equation (44) and there
are in fact two boundary conditions namely, the in going wave boundary condition and the
asymptotic boundary condition (48), therefore in principle we can uniquely fix two of the six
unknown coefficients. Therefore, finally we are left with four undetermined constants those
appear above in the expressions for vs and Γs. Next, we compare (50) with the dispersion
relation previously obtained in (33). In (33) we have identified v2s = ∂ǫp as the speed of sound
which is computed in (10) using the gravity solution. So equating (51) and (10) one can uniquely
fix the combination of the remaining four constants as,
(115e1 + 16(−10e2 + 18e3 − 15e4)) = −288√
3
. (54)
Surprisingly once this special combination of four integrating constants get (uniquely) fixed one
2 We thank anonymous referee for pointing this out to us.
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can uniquely calculate the Γs. Using (52) and (54) we finally obtain,
Γs =
5
4
(55)
which finally yields,
ΓsTh =
ζlif
s
=
5
24π
v2s ≈ 0.1989 >
1
4π
(56)
which clearly seems to preserve the conjectured lower bound [7] as we expected from our analysis
in the previous section.
6 Summary and final remarks
Let us now summarize the key findings of our analysis. The present analysis has two major
outcomes. The first observation tells us that for this particular holographic model under con-
sideration the speed of sound propagation (vs) inside a z = 3 strongly coupled plasma in 1 + 1
dimensions clearly exceeds the conjectured upper bound. This observation is not surprising in
the context of non relativistic hydrodynamics where the Lorentz boost symmetry is explicitly
broken near the UV fixed point of the theory. We further use this value of vs obtained in (10)
to show that the ζlif/s > 1/4π which is above the conjectured lower bound [7]. But we should
also note that, since Γs and vs are not independent variables as shown in (53), indicating that
the holographic setup considered here may not be the most general, therefore in the present
calculation the value of ζlif/s is constrained by the corresponding value of vs. The holographic
calculations provide us some exact value for this ratio which for our present gravity set up turns
out to be approximately 0.1989.
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